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Abstract

LinearDiscriminatve Analysistechniqueshave beenused
in patternrecognitionto mapfeaturevectorsto achieve op-
timal classificationKernelDiscriminative Analysis(KDA)
seeksto introducenon-linearityin this approachoy map-
ping the featuresto a non-linearspacebefore applying
LDA analysis. The formulationis expressedasan eigen-
valueproblemresolution.Usingadifferentkernel,onecan
cover a wide classof nonlinearities.In this paper we de-
scribethistechniqueandpresentnapplicationto aspeech
recognitionproblem. We give classificationresultsfor a
connectedligit recognitiontaskandanalyzesomeexisting
problems.

1. Introduction

In classificationand other dataanalysistasks, it is often
necessaryo utilize pre-processingn the databeforeap-
plying the algorithmat handandit is commonto first ex-
tract featuressuitablefor the tasksto solve. Linear dis-
criminantanalysigLDA) is atraditionalstatisticalmethod
which has proven successfulfor classificationproblems
[2]. The procedureis basedon an eigervalue resolution
and gives an exact solution of the maximumof the iner
tia. LDA addressethe following question: Given a data
setwith two classeswhich is the bestfeatureor feature
setto discriminatethe two classes?Startingfrom the op-
timal Bayesclassifierandby assumingaussiardistribu-
tionsfor the classesthe closedform solutionof LDA can
bederived. Apartfrom having aclosedform solution,LDA
is alsowell known for beingrobustagainsinoise.But this
methodfailsfor anonlineamproblem.ExtendingLDA with
the kernelidea, we canfind the bestdiscriminantfeature
or featuresetin a moregeneralcase(eitherlinear or non-
linear). The kernelideawasoriginally appliedin Support
VectorMachineq?9], kernelPCAandotherkernelbasedal-
gorithmsto defineanonlineammappingfrom thedataspace
to somefeaturespace. Startingfrom this work, we shav
how to expressour approachasa linearalgebraicformula
in the transformedspaceusingthe kernelidea. The refer
enceq3] and[4] have differentderivationsfor KDA based
on two classproblems.We extendedtheir approacheto a
general-classformulation.

Hidden Markov Models (HMMs) are widely usedin
speechrecognitionsystems. An HMM containsa finite
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numberof statesonnectedy transitions.Speechrecogni-
tion in theHMM framework canalsobe treatedasa clas-
sification problemwhere eachstateof an HMM forms a
class. Oncewe have labeleddata,we canapply LDA or
ary otherdiscriminantanalysigustasary otherclassifica-
tion problem.

In therestof the paper we first briefly review Fishers
linear discriminantand formulationof LDA in section2,
thenextendLDA to KernelDiscriminantAnalysis(KDA)
in section3. In section4, we describeour applicationof
KDA to a speechrecognitionsystem.Someexperimental
resultswill be shavn in section5. And finally, we present
our conclusionsn section6.

2. Fisher’'sLinear Discriminant Review
Let X1 = =i,...,zL andX, = z?,...,22 besamples
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from two differentclasseandX = &, U X5 = 21, ..., Ty
beall the samples Fishers linear discriminantis given by

thevectorwhich maximizes/(w) = wiSsw. thatis,
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W = argmaz,J(w) = argmaz,,
where

Sp = (m1 - mz)(m1 - m2)T

SW = Zz Zze)c‘,- ("E - mZ)(x - mi)T

are the betweenand within classscattermatricesrespec-
tively andm; is definedby m; = nl it k. Theintu-

ition behindmaximizingJ(w) is to find a directionwhich

maximizesthe projectedclassmeanswhile minimizesthe

classewariancesn this direction.

The solutionto this problemis to find the eigervector
of S;[}SB which correspondso the largesteigervalue of
the samematrix. Or equivalently; to find solutionsfor the
equation:

/\SWw = SB’LU

andthenchoosew correspondingo thelargestvalueof .
If we assumeGaussiandistributions for all classes
and assumeequalcovariancestructurefor all classeswe
know thatthis solutionis the sameasthe discriminantin
the corresponding@ayesoptimal classifier The optimal
Bayesclassifiercompareghe a posterioriprobabilitiesof



all classesandassignsa patternto the classwith the max-
imal probability Although LDA relieson heary assump-
tionswhicharenottruein mary applicationsit hasproven
very powerful not only becausef the simple closedform
solution,but alsotherobustnes®f alinearmodel.

3. Kernel Discriminative Analysis (KDA)

For mostof therealworld applicationge.g.,speechrecog-
nition), simpleLDA is not complex enough.We alsohave
much more classeghan just two and thereare very dif-
ferentnumberof datepointsin eachclass.To increasehe
discriminantipower of theanalysiswe couldfind nonlinear
directionsby first mappingthe datanonlinearlyinto some
featurespaceF andcomputingLDA there. Thuswe will
implicitly yield anonlineardiscriminantin inputspace.

3.1. Formulation of KDA

We will derive formulas for KDA assumingwe have [
classesand eachclasshasn; datasamples.\We alsoas-
sumethat the total numberof datasampless n. Sowe
have X; = zi, ...,z fori =1,2,..,1.

Let & bea nonlinearmappingfrom original datasam-
plesto somefeaturespaceF. Thento find the lineardis-
criminantin spaceF, we needto maximize

T5§
J(w) = széf,Z

wherew € F, Sgw and Sy, w arethe correspondingna-
tricesin F. In our! classesasewe have
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where
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me = nL 2?21 @(x;)

1 )
m® =13, Emd = %22:1 ®(z;)

andwe have someahuseof notationtolet ¥ = X; U ... U
X =z1,...2q.

Sincedirectly compute®(z) is alwaysnotfeasiblewe
canintroducea kernelfunction k(z,y) = (®(z) - ®(y))
whichis adotproductin thefeaturespaceF. Soinsteadof
mappingthe dataexplicitly we useonly dot productof the
training patterns. Possiblechoiceof k includesGaussian
RBF andpolynomialkernelsandwe will discusghislater.

Fromthe theory of reproducingkernelswe know that
ary solutionw € F mustlie in the spanof all training
samplesn F. Thereforene canfind anexpansiorfor w of
theform

Usingthis expansionandthe definitionsabove, aftersome
mathematicamanipulationsye will get:

wTSgw = aT Ma

wTSww = a’ Na
where
M =Yy 5 (M — Mo) (M — My)”
(My)j = o 34y k(zj,23), =1 ~n
(Mo)j = + > ooy k(zj, 1), =1~n
N =Y £ Ki(Tn, = 1n) KT
(Ki)pg = k(mp,xf]),p =l~n,g=1~n;
andI,,, isidentity matrix of sizen; x n;, 1,, is amatrix of
sizen; x n; with all entriesequalto nl a=(ag,...,an).

Combiningall theequationsbove,we canfind Fishers
discriminantin F by maximizing

T
J(@) = Gria

whosesolutionis analogougo finding the leadingeigen-
vectorof N~1M. If we wantto have r dimensionavec-
torsin spaceF, we canfind the r leadingeigervectorsof
N~!M andputtheminto amatrix R. Eache is arow in
R. Eachprojectionof anew datasamplex tow is givenby

(w- ®(2)) = X, a;k(z;, )

3.2. Practical Considerations

In theaboreformulations,V andM arebothof sizen x n,
which in practicecanbe very big. Also, N is obviousa
singularmatrix becauseve are estimatingn dimensional
covariancestructurefrom n samplesin orderto make N a
positive matrix andat the sametime presere its eigerval-
ues,we cansimply adda small constantu to its diagonal
components,e.,weuseN, = N + ul toreplaceN.

As mentionedin 3.1, some kernel functions have
provenuseful,e.g. GaussialRBF k(z,y) = exp(— || z —
y ||? /c), or polynomialkernelsk(z,y) = (a +b x z - y)4,
for someconstanta, b, ¢, andd. Usuallythoseconstants
arechoserfor the bestperformanceln this paperwe give
resultson only polynomialkernelsfor simplicity. But we
do not make the assumptiorthat polynomialkernelswork
thebestfor our problem.

4. Application to Speech Recognition
4.1. Hidden Markov ModelsHM M)

A HiddenMarkov Models(HMM) [8] canbeformally de-
scribedasfollows:

1. A statespaceX’ = {z(), 2(2), .., z(p)}; the hidden
randomvariablesX, take valuesin X.

2. An obsenationspace€); the obsenedrandomvari-
ablesY;, take valuesin Y. For simplicity, we as-
sumethat this spaceis discreteandgivenby ) =

{y(l)a Y2)s - y(Q)}



3. Transitionprobability distributions

4. Outputprobabilitymassfunction
P(Yy = yu)| Xi = z(;)

5. Initial statedistribution
m={m}; 1 = P(X1 = z(;)); 1<i<N.

In continuousdensityHMMs, theoutputalphabet” € R?
whered is the dimensionalityof theinput featuresandthe
probabilitymasdunctionis replacedy probabilitydensity
function(p.d.f). This densityfunctionis usuallya mixture
of Gaussiardensitiesvith meanvectorsy andCovariance
matricesz.

4.2. A Simple Speech Recognition System

Our speechrecognitionexperimentswere basedupon a
HMM basedspeechrecognizerfor TIDIGITS connected
digits task[7]. The task vocalulary is madeof the dig-
its ‘1' to '9‘, plus‘oh’ and‘zero’, for atotal of 11 words.
Eachspealer contribtutesto the corpuswith two repetitions
of eachdigit in isolationand 55 digit strings,evenly dis-
tributedinto lengths2,3,4,5and7. Thereareatotal of 326
spealers.We choseB7 digit stringsfor ourtrainingsetand
870utterancegor our testset.
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Figurel: Diagramof a HMM with 3 emitting statesnum-
bered2, 3 and4

ThebaselineHMM systembuilt with HTK Toolkit [6]
consistof 11 word models,anda modelfor silence.Each
word modelhad8 emitting stateswhile the silencemodel
had3 emitting statessummingto atotal of 91 states.The
diagramof HMM with 3 emitting statesis givenin Fig-
ure 1. Thefront-endfeaturesof this baselinesystemwere
12 Mel-frequeng cepstralcoeficientsplus a enegy term
and their deltasand accelerationterms, leadingto a 39
dimensionalvectorfor eachspeechframe (We have 100
framegpersecond) TheobsenationdensitieontheHMM
stateswveresinglemixture Gaussiardensities.The param-
etersof this baselinesystemwereestimatedisingstandard
Expectation-MaximizatiorfBaum-Welch) proceduresand
Word Error Rate(WER)of the systemwas 0.69%on the
trainingsetand5.17%on thetestset.

We usethe baselineHMMs to perform Viterbi align-
mentover thetraining data. This procedurdindsthe opti-
mal statesequence giventheobsenationsequencg and
theword sequencev giventhemodel(HMM).

z°P* = argmax, c yn P(z|w,y).

Theforcedalignmenttagseachobsenationy; in thetrain-
ing datawith its statelabelz;.

4.3. Applying KDA: Procedureand I mplementation

To apply KDA to our speechrecognitionsystemwe need
labeledtraining data. As describedn 4.1 and4.2, the la-
belscomefrom Viterbi alignmentof thetrainingdata.The
overall experimentaproceduras asfollowing:

1. EstimateHMM parameter# theoriginaldataspace
usingBaum-\Welchalgorithmandgetbaselineesult

2. Performforced Viterbi alignmentover training data
to getclasslabels,i.e.,theHMM statesequence

3. PerformKDA to obtainther leadingeigervectorsof
thematrix N1 M

4. Transformtheoriginal datainto spaceF

5. Re-estimatéiMM parameters1 F andgetdecoding
results

Noteherewe will repeattep3-5for everykernelfunction.
There are someimplementationissueswhen we fol-

low the above procedurewith our speechrecognitionsys-
tem. We have about13,000datasamplesn the training
data,which meanghe sizeof matricesN and M is about
13,000x13,000. To invert sucha hugematrix andto do
the multiplicationarepracticallyvery time consuming.So
in orderto really implementour KDA, we needto sam-
ple the training datato reducethe size of N and M to
about2,000~4,000.0ur samplingschemas suchthatthe
within classvariancesareapproximatelymaximizedwhile
thewithin classmeansare approximatelythe sameasbe-
fore sampling. Of coursethere are mary ways of sam-
pling the data, but we assumehis particularschemewill

work for our purposeatthistime. As we mentionedn 3.2,
we useonly polynomial kernelsin our experiments,i.e.,
k(z,y) = (a +b x z - y)?. In our experimentswe fixed
d = 3 andtried somedifferentnumbersfor a andb. We
chosen andb in therangesuchthatall entriesin thekernel
matrix are positve andin someappropriateinterval, say
[0,1] or[1,2]. Thisis only avery preliminarystudyof ker
nel functionsandwe expectto explore this problemmore
in thefuture.

4.4, HMM Re-estimation Schemes

The MFCC featurevectorson thetrainingandtestsetsare
transformedby the KDA proceduredescribedn the sec-
tion 4.3. To evaluatethe effect of thesenew featureswe
needto re-estimatahe parametersf the baselineHMM.
This re-estimatiorcanbe donethrougha variety of ways.
We explored3 differentschemesvhich canbedescribeds
follows:

1. Re-estimationl (R-I): In this procedure,we train
HMMs from scratchon transformedeaturevectors.
This training is standardEM(Baum-\Welch) estima-
tion and similar to the training procedureof our
BaselineHMMs.



2. Re-estimationl-A (R-1IA): This procedureconsists
of re-estimatingmeansand variancesof HMMs on
transformedfeaturevectorsand termedas Single-
Passretraining(SPR)n the literature [5]. Givena
HMM systemtrained on our baselineMFCC fea-
tures, SPR assumeghat the frame/statealignment
is identicalfor the MFCC andthe KDA-transformed
features. SPRfirst computeshe a posterioriprob-
ability of stateoccupationusingthe Baselinemod-
els and the MFCC vectors. Using this alignment,
the Gaussiarparametersre updatedusingthe cor-
respondingbsenationsfrom thetransformediata.

3. Re-estimatioril-B (R-IIB): This is a refinementof
schemeR-IIA by performingfurthertraining(Baum-
Welch) iterationson the resultingmodelsby updat-
ing all parametergMeans,\&rianceandTransitions
Probabilities)on thetransformedeatures.

5. Resultsand Analysis

In this section,we describethe word error rate (WER)
results obtained by decoding procedureusing different
re-estimationschemeglescribedn 4.4, differenttraining
samplesizesfor KDA and differentdimensionsof trans-
formedfeaturevectors.Table1 shavstheresultsfrom Re-
estimationSchemeR-I.

Dimension 39 20 12
Train(2000)| 3.48 1.38 1.04
Test(2000) | 24.84 14.26 11.57
Train(4000)| 1.04 1.04 1.73
Test(4000) | 15.44 11.08 10.42

Table1l: WER SchemeR-I: Varying SampleSize andDi-
mension

In Table 1, we getbestresultson testsetby using 12
dimensionafeaturesWe alsonotethatincreasingraining
samplesizeimprovesperformanceonsiderablyvhichim-
plies that we canget even betterresultsby training KDA
onall samples.

Table 2 shaws the resultsfrom Re-estimatiorScheme
R-lIIA andR-1IB. In Table3, we comparéeWER resultsof
R-I andR-1l with the baseline The transformediataof R-
II'is 39 dimensional.From Table2 , we canstill obsene
thatincreasingthe training samplesizeimprovesthe per
formance.Usingthis schemewe canstartre-trainingthe
HMM from the samepointthatwe train theclassifier This
leadsto amuchbetterclassifierperformanceelative to R-1
on the training setas seenin Table 3. But, we note that
polynomialkernelfails to generalizewell on the testset.
This is possiblebecauséhe training setfor KDA is quite
small. Re-estimatiorschemeR-Il couldnotbe carriedout
for differentdimensionsdueto limitations of the toolkit.
So, the effect of varying featuredimensionscould not be
investigated.

SampleSize | 2000 4000
Train(R-11A) | 0.35 0.35

Test(R-11A) | 19.53 18.48
Train(R-11B) 0 0
Test(R-1IB) | 17.71 16.35

Table2: WER Scheme®-II: Varyingthe SampleSize

Schemes | Baseline KDA

Train(R-I) 0.69 1.04

Test(R-I) 5.17 11.57
Train(R-1IB) 0.69 0
Test(R-1IB) 5.17 17.71

Table 3: WER Comparisorto Baselinefor Scheme®R-|
andR-l

6. Conclusions and Future Work

Ontrainingdata,we obsene thatKDA performsdistinctly

betterthanthe baseline.But, the procedurdas not compu-
tationally feasiblefor a LVCSR systemdue to enormous
sizesof the matricesinvolved. As future work, theremay

be otherclassdefinitions(e.g. phonemeswordsetc.) and

incrementabpproachet estimatingK DA thatmay malke

theapproacHeasible. This mayalsoimprove the general-
izationability of the procedure.
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