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Abstract

LinearDiscriminativeAnalysistechniqueshave beenused
in patternrecognitionto mapfeaturevectorsto achieveop-
timal classification.KernelDiscriminativeAnalysis(KDA)
seeksto introducenon-linearityin this approachby map-
ping the featuresto a non-linearspacebefore applying
LDA analysis.The formulationis expressedasan eigen-
valueproblemresolution.Usingadifferentkernel,onecan
cover a wide classof nonlinearities.In this paper, we de-
scribethis techniqueandpresentanapplicationto aspeech
recognitionproblem. We give classificationresultsfor a
connecteddigit recognitiontaskandanalyzesomeexisting
problems.

1. Introduction

In classificationand other dataanalysistasks,it is often
necessaryto utilize pre-processingon the databeforeap-
plying thealgorithmat handandit is commonto first ex-
tract featuressuitablefor the tasksto solve. Linear dis-
criminantanalysis(LDA) is a traditionalstatisticalmethod
which has proven successfulfor classificationproblems
[2]. The procedureis basedon an eigenvalueresolution
andgivesan exact solutionof the maximumof the iner-
tia. LDA addressesthe following question:Given a data
set with two classes,which is the bestfeatureor feature
setto discriminatethe two classes?Startingfrom the op-
timal Bayesclassifierandby assumingGaussiandistribu-
tions for theclasses,theclosedform solutionof LDA can
bederived.Apartfrom havingaclosedformsolution,LDA
is alsowell known for beingrobustagainstnoise.But this
methodfails for anonlinearproblem.ExtendingLDA with
the kernel idea,we canfind the bestdiscriminantfeature
or featuresetin a moregeneralcase(eitherlinearor non-
linear). Thekernelideawasoriginally appliedin Support
VectorMachines[9], kernelPCAandotherkernelbasedal-
gorithmsto defineanonlinearmappingfrom thedataspace
to somefeaturespace.Startingfrom this work, we show
how to expressour approachasa linearalgebraicformula
in the transformedspaceusingthekernelidea. Therefer-
ences[3] and[4] havedifferentderivationsfor KDA based
on two classproblems.We extendedtheir approachesto a
general

�
-classformulation.

Hidden Markov Models (HMMs) are widely usedin
speechrecognitionsystems. An HMM containsa finite

numberof statesconnectedby transitions.Speechrecogni-
tion in theHMM framework canalsobe treatedasa clas-
sificationproblemwhereeachstateof an HMM forms a
class. Oncewe have labeleddata,we canapply LDA or
any otherdiscriminantanalysisjustasany otherclassifica-
tion problem.

In therestof thepaper, we first briefly review Fisher’s
linear discriminantandformulationof LDA in section2,
thenextendLDA to KernelDiscriminantAnalysis(KDA)
in section3. In section4, we describeour applicationof
KDA to a speechrecognitionsystem.Someexperimental
resultswill beshown in section5. And finally, we present
ourconclusionsin section6.
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are the betweenandwithin classscattermatricesrespec-
tively and : I is definedby : I � ��.M H ��MSUT � � IS . The intu-
ition behindmaximizing  �!=#&% is to find a directionwhich
maximizestheprojectedclassmeanswhile minimizesthe
classesvariancesin thisdirection.
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If we assumeGaussiandistributions for all classes
andassumeequalcovariancestructurefor all classes,we
know that this solutionis the sameasthe discriminantin
the correspondingBayesoptimal classifier. The optimal
Bayesclassifiercomparesthe a posterioriprobabilitiesof



all classesandassignsa patternto theclasswith themax-
imal probability. AlthoughLDA relieson heavy assump-
tionswhicharenot truein many applications,it hasproven
very powerful not only becauseof thesimpleclosedform
solution,but alsotherobustnessof a linearmodel.

3. Kernel Discriminative Analysis (KDA)
For mostof therealworld applications(e.g.,speechrecog-
nition), simpleLDA is not complex enough.We alsohave
much more classesthan just two and thereare very dif-
ferentnumberof datepointsin eachclass.To increasethe
discriminantpowerof theanalysis,wecouldfind nonlinear
directionsby first mappingthedatanonlinearlyinto some
featurespaceX andcomputingLDA there. Thuswe will
implicitly yield anonlineardiscriminantin inputspace.

3.1. Formulation of KDA

We will derive formulas for KDA assumingwe have
�

classesand eachclasshas Y I datasamples.We alsoas-
sumethat the total numberof datasamplesis Y . So we
have � I ��� I ���B

�
�� � I�.M for Z[�]\ �O^<�B

�
�� � .

Let _ bea nonlinearmappingfrom original datasam-
plesto somefeaturespaceX . Thento find the lineardis-
criminantin spaceX , weneedto maximize
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 � � .Sincedirectlycompute_1!$��% is alwaysnot feasible,we
can introducea kernel function m*!$� �Un %R�o!j_1!$��%�p,_1! n %F%
whichis adotproductin thefeaturespaceX . Soinsteadof
mappingthedataexplicitly we useonly dot productof the
training patterns.Possiblechoiceof m includesGaussian
RBFandpolynomialkernelsandwewill discussthis later.

From the theoryof reproducingkernelswe know that
any solution #qarX must lie in the spanof all training
samplesin X . Thereforewecanfind anexpansionfor # of
theform
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Usingthis expansionandthedefinitionsabove,aftersome
mathematicalmanipulations,wewill get:
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Combiningall theequationsabove,wecanfindFisher’s
discriminantin X by maximizing
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whosesolutionis analogousto finding the leadingeigen-
vectorof y V � w . If we want to have 6 dimensionalvec-
tors in spaceX , we canfind the 6 leadingeigenvectorsofy V � w andput theminto a matrix � . Eacht t t is a row in� . Eachprojectionof anew datasample� to # is givenby
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3.2. Practical Considerations

In theaboveformulations,y and w arebothof size Y � Y ,
which in practicecanbe very big. Also, y is obvious a
singularmatrix becausewe areestimatingY dimensional
covariancestructurefrom Y samples.In orderto make y a
positive matrix andat thesametime preserve its eigenval-
ues,we cansimply adda small constant� to its diagonal
components,i.e.,weuse y�� � y�� �u� to replacey .

As mentioned in 3.1, some kernel functions have
provenuseful,e.g.GaussianRBF m*!$� �Un %��s��� � !f@��v��@n � �v�	� % , or polynomialkernelsm*!P� �Un %���!$4 �A� � ��p n %F� ,
for someconstanta, b, c, andd. Usually thoseconstants
arechosenfor thebestperformance.In thispaper, wegive
resultson only polynomialkernelsfor simplicity. But we
do not make theassumptionthatpolynomialkernelswork
thebestfor ourproblem.

4. Application to Speech Recognition
4.1. Hidden Markov Models(HMM)

A HiddenMarkov Models(HMM) [8] canbeformally de-
scribedasfollows:

1. A statespace�����	�*  �f¡ � �*  �¢¡ ��
�
�� �* ¤£ ¡F¥ ; thehidden
randomvariables¦ } takevaluesin � .

2. An observationspace§ ; theobservedrandomvari-
ables ¨ } take valuesin § . For simplicity, we as-
sumethat this spaceis discreteandgiven by §©�� n   �F¡ �Un   �U¡ �B

��Un  �ª ¡F¥ .



3. Transitionprobabilitydistributions« !=¦ }¬ ���®�*  I ¡�¯ ¦ } �5�*  S ¡ % .
4. Outputprobabilitymassfunction« !$¨ } � n   I ¡�¯ ¦ } �®�*  S ¡ %
5. Initial statedistribution° �s� ° I ¥7± ° I � « !=¦R���®�*  I ¡ % ± \³²�Z�² y .

In continuousdensityHMMs, theoutputalphabeẗ�aµ´ �
where ¶ is thedimensionalityof theinput featuresandthe
probabilitymassfunctionis replacedby probabilitydensity
function(p.d.f). This densityfunctionis usuallya mixture
of Gaussiandensitieswith meanvectors� � � andCovariance
matrices· · · .

4.2. A Simple Speech Recognition System

Our speechrecognitionexperimentswere basedupon a
HMM basedspeechrecognizerfor TIDIGITS connected
digits task [7]. The task vocabulary is madeof the dig-
its ‘1‘ to ‘9‘, plus ‘oh‘ and‘zero‘, for a total of 11 words.
Eachspeakercontributesto thecorpuswith two repetitions
of eachdigit in isolationand55 digit strings,evenly dis-
tributedinto lengths2,3,4,5and7. Therearea total of 326
speakers.We chose87digit stringsfor our trainingsetand
870utterancesfor our testset.

 1 2 3  4 5 

Figure1: Diagramof a HMM with 3 emittingstatesnum-
bered2, 3 and4

ThebaselineHMM systembuilt with HTK Toolkit [6]
consistsof 11word models,anda modelfor silence.Each
word modelhad8 emittingstateswhile thesilencemodel
had3 emittingstates,summingto a total of 91 states.The
diagramof HMM with 3 emitting statesis given in Fig-
ure1. Thefront-endfeaturesof this baselinesystemwere
12 Mel-frequency cepstralcoefficientsplusa energy term
and their deltasand accelerationterms, leading to a 39
dimensionalvector for eachspeechframe (We have 100
framespersecond).TheobservationdensitiesontheHMM
statesweresinglemixtureGaussiandensities.Theparam-
etersof thisbaselinesystemwereestimatedusingstandard
Expectation-Maximization(Baum-Welch) proceduresand
Word Error Rate(WER)of the systemwas 0.69%on the
trainingsetand5.17%on thetestset.

We usethe baselineHMMs to performViterbi align-
mentover thetrainingdata.This procedurefindstheopti-
malstatesequence� giventheobservationsequencen and
thewordsequence# giventhemodel(HMM).

�/¸ �C¹ �5º.»U¼�½Qº	¾ J.K�L�¿ « !$� ¯ # �¢n % .
Theforcedalignmenttagseachobservation n I in thetrain-
ing datawith its statelabel � I .

4.3. Applying KDA: Procedure and Implementation

To applyKDA to our speechrecognitionsystem,we need
labeledtraining data. As describedin 4.1 and4.2, the la-
belscomefrom Viterbi alignmentof thetrainingdata.The
overallexperimentalprocedureis asfollowing:

1. EstimateHMM parametersin theoriginaldataspace
usingBaum-Welchalgorithmandgetbaselineresult

2. PerformforcedViterbi alignmentover trainingdata
to getclasslabels,i.e., theHMM statesequence

3. PerformKDA to obtainthe 6 leadingeigenvectorsof
thematrix y V � w

4. Transformtheoriginaldatainto spaceX
5. Re-estimateHMM parametersin X andgetdecoding

results

Noteherewewill repeatstep3-5for everykernelfunction.
Thereare someimplementationissueswhen we fol-

low theabove procedurewith our speechrecognitionsys-
tem. We have about13,000datasamplesin the training
data,which meansthesizeof matricesy and w is about
13,000� 13,000. To invert sucha hugematrix and to do
themultiplicationarepracticallyvery time consuming.So
in order to really implementour KDA, we needto sam-
ple the training data to reducethe size of y and w to
about2,000� 4,000.Our samplingschemeis suchthatthe
within classvariancesareapproximatelymaximizedwhile
thewithin classmeansareapproximatelythesameasbe-
fore sampling. Of coursethereare many ways of sam-
pling the data,but we assumethis particularschemewill
work for ourpurposeat this time. As wementionedin 3.2,
we useonly polynomial kernelsin our experiments,i.e.,m*!P� �Un %���!$4 ��� � �Rp n % � . In our experiments,we fixed¶c��À andtried somedifferentnumbersfor 4 and � . We
chose4 and � in therangesuchthatall entriesin thekernel
matrix arepositive and in someappropriateinterval, say,
[0,1] or [1,2]. This is only a verypreliminarystudyof ker-
nel functionsandwe expectto explore this problemmore
in thefuture.

4.4. HMM Re-estimation Schemes

TheMFCCfeaturevectorson thetrainingandtestsetsare
transformedby the KDA proceduredescribedin the sec-
tion 4.3. To evaluatethe effect of thesenew features,we
needto re-estimatethe parametersof the baselineHMM.
This re-estimationcanbedonethrougha varietyof ways.
Weexplored3 differentschemeswhichcanbedescribedas
follows:

1. Re-estimationI (R-I): In this procedure,we train
HMMs from scratchon transformedfeaturevectors.
This training is standardEM(Baum-Welch)estima-
tion and similar to the training procedureof our
BaselineHMMs.



2. Re-estimationII-A (R-IIA): This procedureconsists
of re-estimatingmeansandvariancesof HMMs on
transformedfeaturevectorsand termedas Single-
Passretraining(SPR)in the literature [5]. Given a
HMM systemtrainedon our baselineMFCC fea-
tures,SPRassumesthat the frame/statealignment
is identicalfor theMFCCandtheKDA-transformed
features.SPRfirst computesthe a posterioriprob-
ability of stateoccupationusingthe Baselinemod-
els and the MFCC vectors. Using this alignment,
the Gaussianparametersareupdatedusingthe cor-
respondingobservationsfrom thetransformeddata.

3. Re-estimationII-B (R-IIB): This is a refinementof
schemeR-IIA by performingfurthertraining(Baum-
Welch) iterationson the resultingmodelsby updat-
ing all parameters(Means,VariancesandTransitions
Probabilities)on thetransformedfeatures.

5. Results and Analysis

In this section,we describethe word error rate (WER)
results obtainedby decodingprocedureusing different
re-estimationschemesdescribedin 4.4, different training
samplesizesfor KDA anddifferentdimensionsof trans-
formedfeaturevectors.Table1 shows theresultsfrom Re-
estimationSchemeR-I.

Dimension 39 20 12
Train(2000) 3.48 1.38 1.04
Test(2000) 24.84 14.26 11.57
Train(4000) 1.04 1.04 1.73
Test(4000) 15.44 11.08 10.42

Table1: WER SchemeR-I: VaryingSampleSizeandDi-
mension

In Table1, we get bestresultson testsetby using12
dimensionalfeatures.We alsonotethatincreasingtraining
samplesizeimprovesperformanceconsiderablywhich im-
plies that we canget even betterresultsby training KDA
onall samples.

Table2 shows the resultsfrom Re-estimationScheme
R-IIA andR-IIB. In Table3, we compareWER resultsof
R-I andR-II with thebaseline.Thetransformeddataof R-
II is 39 dimensional.From Table2 , we canstill observe
that increasingthe training samplesizeimprovesthe per-
formance.Using this scheme,we canstartre-trainingthe
HMM from thesamepoint thatwetrain theclassifier. This
leadsto amuchbetterclassifierperformancerelativeto R-I
on the training setasseenin Table3. But, we note that
polynomialkernel fails to generalizewell on the testset.
This is possiblebecausethe training setfor KDA is quite
small.Re-estimationSchemeR-II couldnotbecarriedout
for differentdimensionsdue to limitations of the toolkit.
So, the effect of varying featuredimensionscould not be
investigated.

SampleSize 2000 4000
Train(R-IIA) 0.35 0.35
Test(R-IIA) 19.53 18.48
Train(R-IIB) 0 0
Test(R-IIB) 17.71 16.35

Table2: WERSchemesR-II: VaryingtheSampleSize

Schemes Baseline KDA
Train(R-I) 0.69 1.04
Test(R-I) 5.17 11.57

Train(R-IIB) 0.69 0
Test(R-IIB) 5.17 17.71

Table3: WER Comparisonto Baselinefor SchemesR-I
andR-II

6. Conclusions and Future Work
Ontrainingdata,weobservethatKDA performsdistinctly
betterthanthebaseline.But, theprocedureis not compu-
tationally feasiblefor a LVCSR systemdue to enormous
sizesof thematricesinvolved. As futurework, theremay
beotherclassdefinitions(e.g. phonemes,wordsetc.) and
incrementalapproachesto estimatingKDA thatmaymake
theapproachfeasible.This mayalsoimprove thegeneral-
izationability of theprocedure.
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