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Abstract - Calcium is an important mineral in
numerous physiological processes, including
bone formation, nerve function, and muscle
contraction. Parathyroid hormone (PTH) and
calcitonin are the primary regulators of blood
calcium levels. This report focuses on the
effect of calcitonin in response to an elevated
level of blood calcium. This report aims to
enhance understanding of the balance
required for maintaining optimal calcium
levels and the implications of its disruption in
human health, by presenting a comprehensive
overview of calcitonin’s function and its
critical importance in calcium regulation. A
set of ODEs and parameters were designed to
model this system in Simulink. Instability was
found in the open loop system, in which a PD
control was added to present a stable closed
loop system. The omission of an integral
control contributed to the stability of the
system, as it displayed no signs of
improvements to system response.
Furthermore, manipulations of the
closed-loop system’s sensitivity aided in
choosing the right “k” value. The
contributions of PTH would further stabilize
the system but is not a primary focus of this
paper.

Clinical Relevance - Understanding the role of
calcitonin in calcium regulation is crucial for
the diagnosis and treatment of
calcium-related disorders. Abnormalities in
parathyroid hormone and calcitonin levels
can lead to conditions like
hyperparathyroidism and
hypoparathyroidism, affecting bone health,
renal function, and neuromuscular activity.
Accurate assessment and management of
these conditions are essential for preventing
long-term complications and ensuring patient
well-being.

I. INTRODUCTION

Calcium plays an integral role in several
physiological processes, some of which include
bone health, nerve transmission, and muscle
function. By understanding the regulation of
these calcium levels, we can better comprehend
how our bodies regulate and maintain these
processes. The goal of this paper is to explore
the intricacies of calcium regulation with a
particular focus on the role of calcitonin. This
lesser-discussed yet important player in calcium
regulation often gets overshadowed by the
parathyroid hormone (PTH). This delicate dance
between the hormones combined with cellular
responses helps maintain homeostasis in the
body [1]. When this balance is disrupted it can
lead to serious health issues, highlighting the
importance and severity of each mechanism. The
response of calcitonin to elevated blood calcium
levels is the mechanism we will explore. By
incorporating PID control with our ODE we
hope to see calcitonin’s response will be enough
to regulate calcium levels back to normal.This
model will not only shed light on the existing
knowledge but should help pave the way for
new insights into how these complex regulatory
systems can be controlled and influenced.

II. BACKGROUND
A. Parathyroid hormone and calcitonin

physiology
Calcitonin is not an extensively studied

hormone. However, it is known to play a key
role in the regulation of blood calcium levels.
The endocrine system responds to elevated
levels of blood calcium by increasing the release
of calcitonin which attempts to return the
calcium concentration to homeostatic levels by
increasing bone deposition (i.e. decreasing
osteoclast activity), decreasing calcium
absorption in the small intestine, and decreasing
reabsorption in the kidneys. Calcitonin release is
stimulated by calcium-sensing receptors (CaSR)
in the parathyroid gland and kidney [2,5,6]. It is
released from the thyroid gland in response to an
elevated level of blood calcium concentration.
Interestingly, there is little evidence of bone
abnormalities or other effects associated with
calcitonin deficiency [3,4]. This suggests that
calcium blood regulation is more complex than
the simplified model we have proposed, which



primarily looks at the effect of calcitonin on
elevated blood calcium.

Parathyroid hormone (PTH) has the
opposite effect of calcitonin and causes the
blood calcium concentration to increase, as
shown in Figure 1. This model specifically looks
at the return of calcium blood levels to
homeostasis from an elevated initial
concentration and does not focus on the dynamic
response of PTH in calcium regulation.

Figure 1: Diagram of parathyroid hormone and
calcitonin calcium regulatory pathways.

III. MATHEMATICAL MODEL
A. Assumptions

This mathematical model for calcitonin
regulation of calcium is based on the following
simplifying assumptions:

1. The scope of the biosystem is limited to
calcitonin and the parathyroid hormone.

2. This model only considers calcium
interactions in the blood.

3. The effect of PTH is constant and does
not change as a function of the calcium
concentration since we are modeling the
response to elevated calcium where
calcitonin is assumed to have a more
significant effect.

4. The initial concentrations of calcitonin
and calcium are the concentrations at
time zero.

5. Calcitonin is modeled as a PD control
system.

IV. Parameters and equations

The behavior of the calcitonin response has been
simplified into the following nonlinear ordinary
differential equations.

(1)𝑑𝐶
𝑑𝑡 =  − 𝑘𝐶(𝑡)𝑁(𝑡) +  1

𝛕₁ 𝐶(𝑡)
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𝛕₂ 𝑁(𝑡)   
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−∞

𝑡

∫ 𝑒(𝑡)𝑑𝑡 + 𝐾
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(4)𝑒(𝑡) = 𝐶
𝑚𝑒𝑎𝑠

(𝑡) − 𝑇(𝑡)

C(t) and N(t) are the calcium concentration and
calcitonin concentration respectively in mmol/L.
I(t) represents the feedback control of the
calcitonin in the system. Eqn.1 is the change in
the calcium concentration with respect to time as
a function of the calcitonin and calcium levels
assuming a constant PTH level. As the
calcitonin concentration, N(t), increases, the
change in the calcium concentration becomes
more negative, which translates physiologically
to a more rapidly decreasing calcium blood
level. The opposing effect of PTH is modeled as
a constant that is a function of the calcium1

𝛕₁
concentration. Eqn.2 is the change in the
calcitonin concentration with respect to time as a
function of the calcitonin concentration and
calcitonin feedback controller, I(t). e(t) is the
error between the measured calcium
concentration and the target concentration which
influences the response of the feedback
controller.

The equations listed above (Eqns. 5-7), are the
linearized version of the model. They were
converted to a linearized version

V. RESULTS
A. Simulink Model

Figure 2: Simulink Model



The Simulink model (Figure 2) was designed
from the system of nonlinear ordinary
differential equations (Eqns. 1 - 4). The PD
controller with tuned Kp and Kd parameters was
used to model the continuously regulated
calcitonin level. A measurement delay was
considered in the calcium concentration and was
modeled as a first-order lowpass response with a
time constant of min (Eqn. 5).τ

𝑚𝑒𝑎𝑠
= 2. 5

(5)
𝑑𝐶

𝑚𝑒𝑎𝑠

𝑑𝑡 = 1
τ

𝑚𝑒𝑎𝑠
(𝐶(𝑡) − 𝐶

𝑚𝑒𝑎𝑠
(𝑡))

The parameters shown in Table 1 are
representative of constants and concentrations in
the calcitonin-calcium system.

● k: the sensitivity of the change in
calcium concentration to the calcitonin
concentration (L/min*mmol)

● τ1: time constant derived from the
assumed constant level of PTH

● τ2: time constant derived for calcitonin
secretion

● 𝛼: blood volume
● T: target blood calcium concentration
● N0: initial blood calcitonin concentration
● C0: initial blood calcium concentration

Variable Value Units

k 0.3 L/min*mmol

τ1 276 min

τ2 1642 min

𝛼 0.2 1/L

T 2.1 mmol/L

N0 2.0482e-9 mmol/L

C0 4 mmol/L

Kp 0.3 L/min

Kd 0.9 L

Table 1. Simulink parameters of calcium and
calcitonin model. T is from [5], τ1,τ2, and N0 are
from [7].

Sensitivity analysis of the closed-loop system
was performed to obtain the k value of 0.3
L/min*mmol. As the sensitivity decreased, it
took the calcitonin-calcium system longer to
stabilize at the target calcium concentration, T,
of 2.1 mmol/L. This makes physiological sense,
as the sensitivity in the change in blood calcium
concentration to the calcitonin concentration is
directly related, as shown in Eqn.1. With the
chosen sensitivity, the blood calcium
concentration reaches the target value, T, in
approximately 60 minutes.

The calcitonin controller, represented by Eqn.3,
only utilized proportional and derivative control.
After tuning the controller to appropriate
physiological values, we determined that
integral control did not improve the system
response. With an integral control of

, the output response had𝐾
𝑖

= 0. 01 𝐿

𝑚𝑖𝑛2

greater oscillatory effects. When the integral
control was increased to , it led𝐾

𝑖
= 0. 05 𝐿

𝑚𝑖𝑛2

to overshooting of the target calcium value
shown in Figure 3. Therefore, we chose to omit
the integral term and used a PD controller.

Figure 3: Calcium concentration response with
PID control of calcitonin.

B. Open Loop Transfer Function
Eqn. 1 best represents the inverse dependency of
the rate of change in calcium on the blood
calcitonin and calcium concentration but is a
challenge to model. After linearization, the
system of nonlinear ordinary differential
equations (Eqns. 1-4) resulted in the following
equations:
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Utilizing the linearized versions of the ordinary
differential equations (Eqn. 6-7), the following
open-loop transfer function was obtained:
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C. Closed Loop Transfer Function
Using the open-loop transfer function (Eqn. 8),
the measurement delay (Eqn. 9), and controller
response (Eqn. 10), the closed-loop transfer
function was calculated using the following
equation:

(9)𝐺(𝑠) =  0.4
𝑠+0.4

(10)𝐹(𝑠) =  𝐾
𝑝

+ 𝐾
𝑑
𝑠

𝐶𝐿(𝑠) = 𝐹(𝑠)𝐻(𝑠)
1+𝐺(𝑠)𝐹(𝑠)𝐻(𝑠)

(11)𝐶𝐿(𝑠) = −0.045𝑠2−0.153𝑠−0.054

𝑠3−0.403𝑠2−0.0528𝑠−0.0172

D. Open-Loop Bode Plots

Figure 4: Bode diagram of the open-loop
system.

As shown in the Bode diagram (Figure 4), the
system response is stable until a frequency of
approximately 10-4 rad/sec. The downward slope
of the magnitude graph indicates the attenuation

of the system at higher frequencies. Finally, a
phase shift is observed when the system
becomes unstable. Based on the transfer function
given in Eqn.6, the poles of the open-loop
system are at s = 0.00362 and s = -0.000609.
Since one of the poles is positive, the system is
unstable.

E. Closed-Loop System Behavior

Figure 5: Blood calcium concentration (mmol/L)
closed-loop response to input calcitonin as a

function of time (min).

Figure 6: Blood calcitonin concentration
(mmol/L) closed-loop response as a function of

time (min).

Figure 5 and Figure 6 show the system response
in the closed-loop Simulink model using the
parameters listed in Table 1 for the blood
calcium and calcitonin concentrations,
respectively. The closed-loop system shows
convergence toward the target calcium
concentration, T, of 2.1 mmol/L and the initial
calcitonin concentration. This suggests that the
system response is stable after integrating a



proportional and derivative controller of the
calcitonin feedback.

VII. ERROR/LIMITATIONS

The open loop system is unstable, which we
attribute to a limitation of the cited initial
calcitonin concentration. It should be noted that
an increased initial calcitonin concentration
would produce two negative poles and a stable
system. Similarly, significantly increasing the
sensitivity, k, produces a more stable system.
Physiologically, this makes sense as calcitonin is
the primary regulatory response to an elevated
blood calcium level. Therefore, the error in the
model could be reduced by manipulating the
constants that were inputs of the transfer
function (i.e. k, N0, C0) which would produce a
more realistic response.

Our system is only focused on the changes of
calcitonin levels in the blood. In the future, we
would also be interested in modeling the
parathyroid hormone mechanisms which would
increase the calcium concentration in the blood
in response to the undershoots that were
modeled in the current system.

VIII. CONCLUSION

In the event of elevated calcium levels,
calcitonin plays its role in regulating calcium
and returning it to homeostatic levels. As
previously mentioned, our open-loop system of
calcium concentration response to changes in
calcitonin levels is unstable. This was concluded
from the positive poles of the transfer function
and further displayed in the bode plots. This is
attributed to the constant values plugged into the
transfer function, which can be altered to create
negative poles resulting in instability. In
addition, playing around with the sensitivity,
which is a measure of how much the output
changes in response to changes in the input, can
also help stabilize the system. That being said,
the closed loop function tends to converge to a
target value which indicates that it is stable. The
addition of a PD control is responsible for this
change in stability between the open-loop and
closed-loop systems. For the simplicity of the
ODEs modeled in this paper, the effects of

parathyroid hormone on calcium were not
studied but in future experiments, the role of
PTH plays a significant part in counteracting any
undershoots of calcium. The joint effort between
calcitonin and PTH plays an integral part in
maintaining blood calcium levels, which when
disrupted, can lead to conditions such as hypo
and hyper-parathyroidism.
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