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ABSTRACT

A forward decodingapproacho kernel machinelearningis pre-
sented. The methodcombinesconceptsfrom Markovian dynam-
ics, large mamgin classifiersandreproducingkernelsfor robustse-
guencedetectionby learning inter-datadependencies. A MAP

(maximuma posteriori)sequencestimatoiis obtainedby regress-
ing transition probabilitiesbetweensymbolsas a function of re-

ceived data. The training procedurenvolves maximizinga lower

boundof aregularizedcross-entropontheposterioprobabilities,
which simplifiesinto direct estimationof transitionprobabilities
usingkernellogistic regression.Applied to channelequalization,
forward decodingkernelmachineutperformsupportvectorma-

chinesandothertechniquedy about5dB in SNRfor givenBER,

within 1dB of theoreticalimits.

1. INTRODUCTION

Mary digital communicatiorreceiversrequireequalizergo com-
batchanneinter symbolinterferencélSl) andco-channeinterfer

enceto obtainreliable datatransmission.Traditionally decision-
feedbackequalizer§ DFE) implementecby FIR filters and max-
imum likelihood estimation(MLE) have beenemployed for this
purpose[7, 5]. The inherentcompleity of a true MLE decod-
ing procedureenderst impracticalin mary implementationsand
MLE performances known to degradeundertime-varying chan-
nel conditions. Symboldecisionequalizershave a relatively sim-
ple architectureandtraining procedurebut do not performaswell

asnonlinearequalizersbasedon neuralnetworks, suchas multi-

layerperceptron®r radialbasisfunctions[6].

Large mamgin classifiers like supportvector machines have
beenthe subjectof intensie researchin the neuralnetwork and
artificial intelligencecommunitieq2, 13]. They areattractve be-
causethey generalizewvell evenwith relatively few datapointsin
thetrainingset.Boundsonthe generalizatiorerrorcanbedirectly
estimatedfrom the training data. Recently supportvector ma-
chineshave beenusedfor nonlinearequalizatiorand have shavn
to provide very encouragingesultscomparedo othernonlinear
equalizerd11]. Figurel shavs a systemblock diagramfor chan-
nel equalizatioremplg/ing an SVM equalizer The useof a stan-
dard SVM classifierinherently assumeghat the datapoints are
identicallyindependenthdistributed. This is anunlikely scenario
in I1SI channelswvherethereexists a sequentiaktructureamongst
therecevedsymbols.

This paperdescribesa nev architecturewhich we term for-
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Fig. 1. Systemarchitectue incorporating an SVM-basedVAP
equalizerto compensatéor channeldistortion.

warddecodingkernelmaching(FDKM), thataugmentshe ability
of large mamgin classifiersto perform sequencelecodingand to
infer the sequentiapropertieof thedata.FDKM performsalarge
maigin discriminationbasedon the trajectoryof the datarather
than solely on individual datapoints and hencerelaxes the con-
straintof i.i.d. data.

We incorporateMarkovian dynamicsinto the framework of
large mamgin classifierausingkernels,andprovide a sequentiabl-
gorithmto train the kernelmachine. The time-compleity of the
algorithm can be suitably improved by tuning the parameterof
thelearningmodelandalsoby pruning.

The paperis organizedasfollows. Section2 introducesand
formulatesFDKM along with its training procedure. Section3
appliesFDKM to the problemto channelequalization.Section4
present&xperimentakresults.Finally Section5 providesconclud-
ing remarks.

2. PROBLEM FORMULATION

Theproblemof sequenceecodingandchannekqualizatioris for-
mulatedin theframeavork of MAP (maximuma posteriori)estima-
tion, combiningMarkovian dynamicswith kernelmachinesCon-
sidera Markovian modelwith symbolsbelongingto S classesas
illustratedin Figure2 for S = 2. Transitionsbetweerthe classes
aremodulatedn probability by obsenation (data)vectorsx over
time.

2.1. Decoding Formulation

The MAP forward decodereceivesthe sequenc&[n] = {x[n],
x[n — 1],...,x[1]} andproducesan estimateof the probability
of the statevariableg[n] over all classes, a;[n] = P(q[n] =
i | X[n], w), wherew denoteshesetof parametersor thelearn-
ing machine. Unlike hiddenMarkov models,the statesdirectly
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Fig. 2. Two state markov model, whee transition probabilities
betweerstatesare modulatediy the observatiornvectorx.

encodethe symbols,and the obsenationsx modulatetransition
probabilitiesbetweenstateq3]. Estimatesof the posteriorprob-
ability a;[n] for soft decodingare obtainedfrom estimatesof
local transition probabilitiesusing the forward-decodingproce-

dure[1, 3]
S—1
(671 [n] = Z Pij [n
j=0

whereP;;[n] = P(q[n] =i | g[n — 1] = j, x[n], w) denoteghe
probability of makinga transitionfrom classj attimen — 1 to
classi attime n, giventhe currentobseration vectorx[n]. The
forward decoding(1) embedssequentiadependencef the data
whereinthe probability estimateat time instantn dependson all
the previous data. An on-line estimateof the symbolg[n] is thus
obtained:
est
g [n] =

The BCJIRforward-backvard algorithm[1] producesn principle
a betterestimatethat accountsfor future contet, but requiresa
backvard passthroughthe data,which is impracticalin mary ap-
plications.

Accurateestimationof transition probabilities P;;[n] in (1)
is crucial in decoding(2) to provide good performance.We use
kernel logistic regression[9], with regularizedmaximum cross-
entropy, to modelconditionalprobabilities.
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2.2. Training Formulation

For training the MAP forward decoder we assumeaccessto a
training sequencewith labels (classmemberships).Continuous
(soft) labelscan be assignedatherthan binary indicator labels,
to signify uncertaintyin the training dataover the classes.Like
probabilities,label assignmentsre normalized: Efz_ol yi[n] =
1, yi[n] > 0.

The objective of trainingis to maximizethe cross-entrop of
the estimatecpbrobabilitiesa;[n] given by (1) with respectto the
labelsy;[n] overall classes andtrainingdatan

Z

—1S-1
H= yi[n
0 =0

n]log ai[n )

n

To provide capacitycontrol we introducea regularizerQ(w) in
the objective function [8]. The parametesspacew can be parti-
tionedinto disjoint parameterectorsw;; for eachpair of classes
i,7 = 0,...,S — 1 suchthat P;;[n] dependonly on w;;. The
regularizercan then be chosenas the L, norm of eachdisjoint
parametewector andthe objective functionbecomes
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wherethe regularizationparametelC' controlscompleity versus
generalizatiorasa bias-\ariancetrade-of [8]. Theobjective func-
tion (4) is similar to the primal formulationof alarge mamgin clas-
sifier [13]. Unlike the convex (quadratic)costfunction of SVMs,
theformulation(4) doesnothave auniquesolutionanddirectopti-
mizationcouldleadto poorlocal optima.However, alower bound
of theobjective functioncanbeformulatedsothatmaximizingthis
lower boundreducedo a setof convex optimizationsub-problems
with an elegantdual formulationin termsof supportvectorsand
kernels.Applying the corvex propertyof the — log(.) functionto
thecornvex sumin theforward estimation(1), we obtaindirectly

S—1
> H; (5)
j=0
where
N-1 S—1 S-1
H; =" Cjln] ) yiln]log Pij[n] — %Z lwi;|> (6)
n=0 =0 =0

with effective regularizationsequence
Cj[n] = Cajln —1]. @)

Disregardingthe intricate dependencef (7) on the resultsof (6)
which we deferto the following section,the formulation (6) is
equivalentto regressionof conditional probabilities P;;[n] from
labeleddatax[n] andy;[n], for agivenoutgoingstate;. Estima-
tion of conditionalprobabilitiesPr(i|x) from training datax[n]
andlabelsy;[n] canbeobtainedusingaregularizedform of kernel
logisticregressior9]. For eachoutgoingstatej, we construcone
such probabilisticmodel for the incoming state: conditionalon
x[n]:

S—1

P;[n] = exp(—wi;.x[n])/ > exp(—wo;x[n]) . (8)

s=0

As with SVMs, the dot productsin (8) cornvertinto kernelexpan-
sionsover the training datax[m] by transformingthe datato fea-

turespacq12]
Wij.X = Z Aij

whereK (-, -) denotesary symmetricpositve-definitekernelthat
satisfiegtheMercercondition,suchasaGaussiamadialbasisfunc-

tion or apolynomialspline([8, 14]. Parameters\j; aredetermined
by maximizing a dual formulation of the objectve function (6)

throughthe Legendretransformation,which for logistic regres-
sion takesthe form of an entropy-basedpotentialfunctionin the

parameter§9]. We usea Newton-Ralphsoriterative optimization
schemdo arrive at dual parameteestimates\;;

x[m], x) 9)

2.3. Recursive FDKM Training

Theweights(7) in (6) arerecursvely estimatedusinganiterative
procedurereminiscentof (but differentfrom) expectationmaxi-
mization. The procedureanvolvescomputingnew estimate®f the
sequencey;[n—1] totrain (6) basednestimate®f P;; usingpre-
viousvaluesof the parameters\;;. Thetrainingproceedsn ase-
riesof epochseactrefiningtheestimateof thesequencey;[n—1]
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Fig. 3. lterationsinvolvedin training FDKM on a trellis based
on the Markov modelof Figure 2. During the initial epod, pa-
rametes of the probabilistic model,conditionedon the observed
label for the outgoingstateat time n — 1, of the stateat timen
are trained from observedabels at time n. During subsequent
epodis, probability estimatef the outgoingstateat timen — 1
over increasingforward decodingdepthk = 1,... K determine
weightsassignedo datan for training ead of the probabilistic
modelsconditionedon the outgoingstate

by increasinghesizeof thetime window (decodingdepth,k) over
whichit is obtainedby the forwardalgorithm(1).

Thetraining stepsareillustratedin Figure3 andsummarized
asfollows:

1. To bootstraptheiterationfor thefirst training epoch(k =
1), obtaininitial valuesfor a;[n — 1] from thelabelsof the
outgoingstate a;[n — 1] = y;[n — 1]. This correspondso
takingthelabelsy;[n — 1] astrue stateprobabilities.

2. Trainlogistic kernelmachinespnefor eachoutgoingclass
Jj, to estimatethe parametersn P;;[n] ¢, = 1,.., S from
thetraining datax[n] andlabelsy;[n], weightedby the se-
quencex;[n — 1].

3. Re-estimatey;[n — 1] usingtheforwardalgorithm(1) over
increasingdecodingdepthk, by initializing a;[n — k] to
y[n — k.

4. Re-train, incrementdecoding depth &k, and re-estimate
a;[n — 1], until the final decodingdepthis reachedk =
K).

3. CHANNEL EQUALIZATION USING FDKM

FDKM canbedirectly appliedto channekqualizationasdepicted
in Figurel. Denoteu[n] a sourceof equiprobabléinarysymbols
sentover a channel. The FDKM model canbe madeto fit ary
discretetime transmissiorchannelby grouping L outputsof the
channeinto featurevectors

X[n] = [z[n]z[n — 1]..x[n — L+ 1]]" . (10)

For training, the tamget label is taken asthe input to the channel
delayedby D samplesj.e.,y[n] = u[n — D]. The outputof the
channek[n] € R is modeledasthe sumof a deterministicfunc-
tion of u[n] andadditive white noisee[n]. The goal of the equal-
izeristoreproducehedesiredoutputu(n— D). Thedeterministic
portion of the channelmodelcould consist for instanceof alin-
earfinite impulserespons€FIR) filter followed by a polynomial
nonlinearity

Note that FDKM does not actually make use of a chan-
nel model. Insteadit adaptvely parameterizeshe statetransi-
tion probabilitiesin the forward decodingfrom the training data.
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Fig. 4. Trainedprobabilisticmodel P(y|0, x) obtainedby logistic
regressionbefoe re-estimatior(k = 1).

Fig. 5. Trainedprobabilisticmodel P(y|0, x) obtainedby logistic
regressionafter re-estimation(k = K = 5).

Thereforeone can extend the channelmodel to include, for in-
stancetheeffect of sourcecoding.

4. EXPERIMENTSAND RESULTS

For a comparatie figure of merit, we replicatedlinear channel
modelsof [11, 5, 10]:

Z[n] = wn]+0.5u[n —1] (1)
Z[n] = 0.407u[n] + 0.815u[n — 1] + 0.407u[n — 2](12)

from which we generatediatasetd and?2, respectrely. 200 sam-
pleseachweregeneratedor trainingFDKM, and10,000samples
eachfor testing. The buffer length L waschosento be 2 andthe
equalizerdelay D wastakento be 1. Therefore the extentof ISI
for the seconddatasetexceedsthe time horizon L of the feature
vectorX. Neverthelessthedecodingdepthfor FDKM waschosen
to be K = 5. For all theexperimentseportedhere,a polynomial
kernelof degree3 wasused K (x[m],x) = (1 + x[m].x)3.
Figures4 and5 illustratethe improvementsin magin distri-
bution of the probabilisticmodel obtainedafter 5 epochsof the



Table 1. Performanceof equalizationschemesat 6dBSNR

[ Machine | Trainl | Testl[ Train2 | Test2 ||
SVM 73% | 8% | 14.2% | 23%
Logisticregression| 14.4% | 16% 26% | 34%
FDKM (K =1) 0.1% | 0.9% || 0.4% | 1.6%
FDKM (K = 5) 0.1% | 0.1% || 0.6% | 0.8%
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Fig. 6. Performanceevaluationfor the channelmodel(12). The
FDKM equalizerdelivers a performancenearthat of the ISI-free
theoetical limit.

iteratve FDKM procedure. Table 1 givesthe comparatre BER
figuresat 6dB SNR. The regularizationparameterfor SVM was
C = 5, andfor FDKM C =1 andK = 5.

Interestingly Table 1 indicatesthat a generatre probability
modelobtainedby logistic regressiongives worsedecodingper
formancethana discriminantmodelby SVM classification How-
ever, theprobabilisticmodelcoupledwith forwarddecodinggives
a drasticimprovementin decodingperformance.Figure 6 com-
paresthe performanceof FDKM with SVM andPerfectDecision
FeedbaclsVM (PDFSVM)[11], andthetheoreticaloptimumfor
non-1SI binary signaling. One can seethat FDKM equalization
deliversabouta 4-5dBimprovementin SNRfor given BER, over
PDFSVMandothertechniques.

In anotherexperimentwe testedthe performanceof FDKM
equalizationwith nonlinearchannelsin the presenceof colored
noise[11]. FDKM equalizeiwasfoundto performnearlyaswell
asthetheoreticaBayes-optimakqualizer

5. CONCLUSIONS

We presenteda forward decodingarchitecturefor large maigin
classifiersand evaluatedits performancefor combatingISI and
nonlinearitydueto thecommunicatiorchannel.Simulationshave
shavn that the equalizeroutperformsseveral other adaptve esti-
mationtechniques. The decodingarchitectureis feedforvard in
natureandhencevery amenabldo hardwareimplementatior{4].
The FDKM approachis model-free,and extendsdirectly to ac-
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countfor variousformsof sourcecoding.
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