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ABSTRACT

A forward decodingapproachto kernelmachinelearningis pre-
sented.Themethodcombinesconceptsfrom Markovian dynam-
ics, largemargin classifiersandreproducingkernelsfor robustse-
quencedetectionby learning inter-datadependencies.A MAP
(maximumaposteriori)sequenceestimatoris obtainedby regress-
ing transitionprobabilitiesbetweensymbolsasa function of re-
ceiveddata.The trainingprocedureinvolvesmaximizinga lower
boundof aregularizedcross-entropy ontheposteriorprobabilities,
which simplifies into direct estimationof transitionprobabilities
usingkernellogistic regression.Applied to channelequalization,
forwarddecodingkernelmachinesoutperformsupportvectorma-
chinesandothertechniquesby about5dB in SNRfor givenBER,
within 1dBof theoreticallimits.

1. INTRODUCTION

Many digital communicationreceiversrequireequalizersto com-
batchannelintersymbolinterference(ISI) andco-channelinterfer-
enceto obtainreliabledatatransmission.Traditionally decision-
feedbackequalizers(DFE) implementedby FIR filters andmax-
imum likelihoodestimation(MLE) have beenemployed for this
purpose[7, 5]. The inherentcomplexity of a true MLE decod-
ing procedurerendersit impracticalin many implementations,and
MLE performanceis known to degradeundertime-varyingchan-
nel conditions.Symboldecisionequalizershave a relatively sim-
ple architectureandtrainingprocedurebut do not performaswell
asnonlinearequalizersbasedon neuralnetworks, suchasmulti-
layerperceptronsor radialbasisfunctions[6].

Large margin classifiers,like supportvectormachines,have
beenthe subjectof intensive researchin the neuralnetwork and
artificial intelligencecommunities[2, 13]. They areattractive be-
causethey generalizewell evenwith relatively few datapointsin
thetrainingset.Boundsonthegeneralizationerrorcanbedirectly
estimatedfrom the training data. Recently, supportvector ma-
chineshave beenusedfor nonlinearequalizationandhave shown
to provide very encouragingresultscomparedto othernonlinear
equalizers[11]. Figure1 shows a systemblock diagramfor chan-
nel equalizationemploying anSVM equalizer. Theuseof a stan-
dard SVM classifierinherentlyassumesthat the datapoints are
identically independentlydistributed.This is anunlikely scenario
in ISI channelswherethereexists a sequentialstructureamongst
thereceivedsymbols.

This paperdescribesa new architecture,which we term for-
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Fig. 1. Systemarchitecture incorporating an SVM-basedMAP
equalizerto compensatefor channeldistortion.

warddecodingkernelmachine(FDKM), thataugmentstheability
of large margin classifiersto perform sequencedecodingand to
infer thesequentialpropertiesof thedata.FDKM performsalarge
margin discriminationbasedon the trajectoryof the datarather
than solely on individual datapointsandhencerelaxes the con-
straintof i.i.d. data.

We incorporateMarkovian dynamicsinto the framework of
largemargin classifiersusingkernels,andprovide a sequentialal-
gorithm to train the kernelmachine.The time-complexity of the
algorithm canbe suitably improved by tuning the parametersof
thelearningmodelandalsoby pruning.

The paperis organizedasfollows. Section2 introducesand
formulatesFDKM along with its training procedure. Section3
appliesFDKM to theproblemto channelequalization.Section4
presentsexperimentalresults.Finally Section5 providesconclud-
ing remarks.

2. PROBLEM FORMULATION

Theproblemof sequencedecodingandchannelequalizationis for-
mulatedin theframework of MAP (maximumaposteriori)estima-
tion, combiningMarkovian dynamicswith kernelmachines.Con-
sidera Markovian modelwith symbolsbelongingto � classes,as
illustratedin Figure2 for ����� . Transitionsbetweentheclasses
aremodulatedin probabilityby observation (data)vectors� over
time.

2.1. Decoding Formulation

TheMAP forwarddecoderreceivesthesequence�
	 �
��������	 �
�����	 ��������������������	���� � andproducesan estimateof the probability
of the statevariable !"	 �#� over all classes$ , %'&�	 �#�(�*),+-!"	 �
�.�$�/ �0	 �
���2143 , where1 denotesthesetof parametersfor thelearn-
ing machine. Unlike hiddenMarkov models,the statesdirectly



1 0

P(0|1,x)

P(0|0,x)P(1|1,x)

P(1|0,x)

Fig. 2. Two statemarkov model,where transition probabilities
betweenstatesare modulatedby theobservationvectorx.

encodethe symbols,and the observations � modulatetransition
probabilitiesbetweenstates[3]. Estimatesof the posteriorprob-
ability % & 	 �
� for soft decodingare obtainedfrom estimatesof
local transition probabilitiesusing the forward-decodingproce-
dure[1, 3]
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where )5&
=
	 �
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���2143 denotesthe

probability of makinga transitionfrom classH at time ����� to
class $ at time � , given the currentobservation vector �E	 �
� . The
forward decoding(1) embedssequentialdependenceof the data
whereinthe probability estimateat time instant � dependson all
thepreviousdata. An on-lineestimateof thesymbol !C	 �
� is thus
obtained: !IJ�KML�	 �
�N�PO�Q2RESTO�U& % & 	 �#� (2)

TheBCJRforward-backward algorithm[1] producesin principle
a betterestimatethat accountsfor future context, but requiresa
backwardpassthroughthedata,which is impracticalin many ap-
plications.

Accurateestimationof transitionprobabilities );&
=
	 �
� in (1)

is crucial in decoding(2) to provide goodperformance.We use
kernel logistic regression[9], with regularizedmaximumcross-
entropy, to modelconditionalprobabilities.

2.2. Training Formulation

For training the MAP forward decoder, we assumeaccessto a
training sequencewith labels (classmemberships).Continuous
(soft) labelscan be assignedratherthan binary indicator labels,
to signify uncertaintyin the training dataover the classes.Like
probabilities,label assignmentsarenormalized: V 798;:& >#?TW & 	 �#�X��Y� W &�	 �#�[ZB\"�

Theobjective of training is to maximizethecross-entropy of
the estimatedprobabilities %'&�	 �
� given by (1) with respectto the
labelsW &�	 �#� over all classes$ andtrainingdata�
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To provide capacitycontrol we introducea regularizer ef+-143 in
the objective function [8]. The parameterspace1 canbe parti-
tionedinto disjoint parametervectors1g&

=
for eachpair of classes$���H0�h\"���������6���P� suchthat ) &

=
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=
. The

regularizercan then be chosenas the iEj norm of eachdisjoint
parametervector, andtheobjective functionbecomes
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wherethe regularizationparameterk controlscomplexity versus
generalizationasabias-variancetrade-off [8]. Theobjective func-
tion (4) is similar to theprimal formulationof a largemargin clas-
sifier [13]. Unlike theconvex (quadratic)costfunctionof SVMs,
theformulation(4) doesnothaveauniquesolutionanddirectopti-
mizationcouldleadto poorlocaloptima.However, a lowerbound
of theobjectivefunctioncanbeformulatedsothatmaximizingthis
lowerboundreducesto asetof convex optimizationsub-problems
with an elegantdual formulationin termsof supportvectorsand
kernels.Applying theconvex propertyof the �mbdcIR
+n� 3 functionto
theconvex sumin theforwardestimation(1), weobtaindirectly
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with effective regularizationsequencek
=
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�#�_ko%
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� (7)

Disregardingthe intricatedependenceof (7) on the resultsof (6)
which we defer to the following section,the formulation (6) is
equivalent to regressionof conditionalprobabilities );&

=
	 �#� from

labeleddata ��	 �
� and W & 	 �
� , for a givenoutgoingstateH . Estima-
tion of conditionalprobabilities p'Q�+-$6/ �;3 from training data �E	 �
�
andlabelsW &�	 �
� canbeobtainedusingaregularizedform of kernel
logistic regression[9]. For eachoutgoingstateH , weconstructone
suchprobabilisticmodel for the incomingstate $ conditionalon��	 �
� :
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As with SVMs, thedot productsin (8) convert into kernelexpan-
sionsover thetrainingdata ��	 wm� by transformingthedatato fea-
turespace[12]

1g&
=
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where

{ +n}d��} 3 denotesany symmetricpositive-definitekernelthat
satisfiestheMercercondition,suchasaGaussianradialbasisfunc-
tion or apolynomialspline[8, 14]. Parametersy x&

=
aredetermined

by maximizing a dual formulation of the objective function (6)
through the Legendretransformation,which for logistic regres-
sion takesthe form of an entropy-basedpotentialfunction in the
parameters[9]. We usea Newton-Ralphsoniterative optimization
schemeto arrive at dualparameterestimatesy x&

=
.

2.3. Recursive FDKM Training

Theweights(7) in (6) arerecursively estimatedusingan iterative
procedurereminiscentof (but different from) expectationmaxi-
mization.Theprocedureinvolvescomputingnew estimatesof the
sequence%

=
	 �~�,��� to train(6) basedonestimatesof )5&

=
usingpre-

viousvaluesof theparametersy x&
=
. Thetrainingproceedsin a se-

riesof epochs,eachrefiningtheestimateof thesequence%
=
	 �t�4���
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Fig. 3. Iterations involvedin training FDKM on a trellis based
on the Markov modelof Figure 2. During the initial epoch, pa-
rameters of the probabilistic model,conditionedon the observed
label for the outgoingstateat time �
�D� , of the stateat time �
are trained from observedlabels at time � . During subsequent
epochs, probability estimatesof theoutgoingstateat time �0�P�
over increasingforward decodingdepth �����Y������� { determine
weightsassignedto data � for training each of the probabilistic
modelsconditionedon theoutgoingstate.

by increasingthesizeof thetimewindow (decodingdepth,� ) over
which it is obtainedby theforwardalgorithm(1).

The trainingstepsareillustratedin Figure3 andsummarized
asfollows:

1. To bootstrapthe iterationfor the first training epoch( ���� ), obtaininitial valuesfor %
=
	 �g����� from thelabelsof the

outgoingstate,%
=
	 �������#� W

=
	 �,����� . Thiscorrespondsto

takingthelabelsW &�	 �A����� astruestateprobabilities.

2. Train logistic kernelmachines,onefor eachoutgoingclassH , to estimatetheparametersin ) &
=
	 �
�
$���Hm���Y���d����� from

thetrainingdata ��	 �
� andlabels W &2	 �
� , weightedby these-
quence%

=
	 �m����� .

3. Re-estimate%
=
	 �X�
��� usingtheforwardalgorithm(1) over

increasingdecodingdepth � , by initializing %
=
	 ���r��� toW 	 �4����� .

4. Re-train, increment decoding depth � , and re-estimate%
=
	 �0�D��� , until the final decodingdepthis reached( ���{
).

3. CHANNEL EQUALIZATION USING FDKM

FDKM canbedirectlyappliedto channelequalization,asdepicted
in Figure1. Denote�5	 �
� a sourceof equiprobablebinarysymbols
sentover a channel. The FDKM model can be madeto fit any
discretetime transmissionchannelby grouping i outputsof the
channelinto featurevectors�
	 �#�
��	 �5	 �
���5	 �A�������d�d� �;	 �F��i
�G���d����� (10)

For training, the target label is taken as the input to the channel
delayedby � samples,i.e., W 	 �
�E���5	 �0����� . Theoutputof the
channel�;	 �
�E��� is modeledasthesumof a deterministicfunc-
tion of �5	 �
� andadditive white noise ��	 �
� . Thegoalof theequal-
izeris to reproducethedesiredoutput �5+-���.�T3 . Thedeterministic
portionof thechannelmodelcouldconsist,for instance,of a lin-
earfinite impulseresponse(FIR) filter followed by a polynomial
nonlinearity.

Note that FDKM does not actually make use of a chan-
nel model. Insteadit adaptively parameterizesthe statetransi-
tion probabilitiesin the forward decodingfrom the training data.
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Fig. 4. Trainedprobabilisticmodel),+ W / \@���;3 obtainedby logistic
regressionbefore re-estimation( �g��� ).
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Fig. 5. Trainedprobabilisticmodel),+ W / \@���;3 obtainedby logistic
regressionafter re-estimation( �g� { �_� ).

Thereforeone can extend the channelmodel to include, for in-
stance,theeffect of sourcecoding.

4. EXPERIMENTS AND RESULTS

For a comparative figure of merit, we replicatedlinear channel
modelsof [11, 5, 10]:��5	 �
��� �;	 �
�"��\"� ���5	 �F����� (11)��5	 �
��� \@� ��\����5	 �
�a��\@� �@�����5	 �
�����@��\@� �I\����5	 �
����� (12)

from which we generateddatasets1 and2, respectively. 200sam-
pleseachweregeneratedfor trainingFDKM, and10,000samples
eachfor testing. Thebuffer length i waschosento be2 andthe
equalizerdelay � wastaken to be1. Therefore,theextentof ISI
for theseconddatasetexceedsthe time horizon i of the feature
vector � . Nevertheless,thedecodingdepthfor FDKM waschosen
to be

{ ��� . For all theexperimentsreportedhere,a polynomial
kernelof degree3 wasused,

{ +-�E	 wm�����;3�� +n�~����	 w4��� �;3n¡ .
Figures4 and5 illustratethe improvementsin margin distri-

bution of the probabilisticmodel obtainedafter 5 epochsof the



Table 1. Performanceof equalizationschemesat 6dBSNR

Machine Train1 Test1 Train2 Test2

SVM 7.3% 8% 14.2% 23%
Logistic regression 14.4% 16% 26% 34%
FDKM (

{ ��� ) 0.1% 0.9% 0.4% 1.6%
FDKM (

{ �_� ) 0.1% 0.1% 0.6% 0.8%

0 2 4 6 8 10 12 14 16 18 20
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

SNR(dB)

B
E

R

antipodal
FDKM
SVM
PDFSVM

Fig. 6. Performanceevaluationfor the channelmodel(12). The
FDKM equalizerdelivers a performancenear that of the ISI-free
theoretical limit.

iterative FDKM procedure.Table1 gives the comparative BER
figuresat 6dB SNR. The regularizationparameterfor SVM wask_�D� , andfor FDKM kD��� and

{ �D� .
Interestingly, Table 1 indicatesthat a generative probability

modelobtainedby logistic regressiongivesworsedecodingper-
formancethana discriminantmodelby SVM classification.How-
ever, theprobabilisticmodelcoupledwith forwarddecodinggives
a drasticimprovementin decodingperformance.Figure6 com-
parestheperformanceof FDKM with SVM andPerfectDecision
FeedbackSVM (PDFSVM)[11], andthetheoreticaloptimumfor
non-ISI binary signaling. One can seethat FDKM equalization
deliversabouta 4-5dBimprovementin SNRfor givenBER, over
PDFSVMandothertechniques.

In anotherexperimentwe testedthe performanceof FDKM
equalizationwith nonlinearchannelsin the presenceof colored
noise[11]. FDKM equalizerwasfoundto performnearlyaswell
asthetheoreticalBayes-optimalequalizer.

5. CONCLUSIONS

We presenteda forward decodingarchitecturefor large margin
classifiersand evaluatedits performancefor combatingISI and
nonlinearitydueto thecommunicationchannel.Simulationshave
shown that the equalizeroutperformsseveral otheradaptive esti-
mation techniques.The decodingarchitectureis feedforward in
natureandhencevery amenableto hardwareimplementation[4].
The FDKM approachis model-free,and extendsdirectly to ac-

countfor variousformsof sourcecoding.
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