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ABSTRACT
A forward decoding approach to kernel machine learning is presented. The method combines concepts from Markovian dynamics, large margin classifiers and reproducing kernels for robust sequence detection by learning inter-data dependencies. A MAP
(maximum a posteriori) sequence estimator is obtained by regressing transition probabilities between symbols as a function of received data. The training procedure involves maximizing a lower
bound of a regularized cross-entropy on the posterior probabilities,
which simplifies into direct estimation of transition probabilities
using kernel logistic regression. Applied to channel equalization,
forward decoding kernel machines outperform support vector machines and other techniques by about 5dB in SNR for given BER,
within 1dB of theoretical limits.
1. INTRODUCTION
Many digital communication receivers require equalizers to combat channel inter symbol interference (ISI) and co-channel interference to obtain reliable data transmission. Traditionally decisionfeedback equalizers (DFE) implemented by FIR filters and maximum likelihood estimation (MLE) have been employed for this
purpose [7, 5]. The inherent complexity of a true MLE decoding procedure renders it impractical in many implementations, and
MLE performance is known to degrade under time-varying channel conditions. Symbol decision equalizers have a relatively simple architecture and training procedure but do not perform as well
as nonlinear equalizers based on neural networks, such as multilayer perceptrons or radial basis functions [6].
Large margin classifiers, like support vector machines, have
been the subject of intensive research in the neural network and
artificial intelligence communities [2, 13]. They are attractive because they generalize well even with relatively few data points in
the training set. Bounds on the generalization error can be directly
estimated from the training data. Recently, support vector machines have been used for nonlinear equalization and have shown
to provide very encouraging results compared to other nonlinear
equalizers [11]. Figure 1 shows a system block diagram for channel equalization employing an SVM equalizer. The use of a standard SVM classifier inherently assumes that the data points are
identically independently distributed. This is an unlikely scenario
in ISI channels where there exists a sequential structure amongst
the received symbols.
This paper describes a new architecture, which we term for-
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Fig. 1. System architecture incorporating an SVM-based MAP
equalizer to compensate for channel distortion.

ward decoding kernel machine (FDKM), that augments the ability
of large margin classifiers to perform sequence decoding and to
infer the sequential properties of the data. FDKM performs a large
margin discrimination based on the trajectory of the data rather
than solely on individual data points and hence relaxes the constraint of i.i.d. data.
We incorporate Markovian dynamics into the framework of
large margin classifiers using kernels, and provide a sequential algorithm to train the kernel machine. The time-complexity of the
algorithm can be suitably improved by tuning the parameters of
the learning model and also by pruning.
The paper is organized as follows. Section 2 introduces and
formulates FDKM along with its training procedure. Section 3
applies FDKM to the problem to channel equalization. Section 4
presents experimental results. Finally Section 5 provides concluding remarks.
2. PROBLEM FORMULATION
The problem of sequence decoding and channel equalization is formulated in the framework of MAP (maximum a posteriori) estimation, combining Markovian dynamics with kernel machines. Consider a Markovian model with symbols belonging to classes, as
illustrated in Figure 2 for
. Transitions between the classes
are modulated in probability by observation (data) vectors over
time.



2.1. Decoding Formulation
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The MAP forward decoder receives the sequence
and produces an estimate of the probability
of the state variable
over all classes ,
, where denotes the set of parameters for the learning machine. Unlike hidden Markov models, the states directly
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Fig. 2. Two state markov model, where transition probabilities
between states are modulated by the observation vector x.



encode the symbols, and the observations modulate transition
probabilities between states [3]. Estimates of the posterior probfor soft decoding are obtained from estimates of
ability
local transition probabilities using the forward-decoding procedure [1, 3]
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probability of making a transition from class H at time  to
class $ at time , given the current observation vector E . The

forward decoding (1) embeds sequential dependence of the data
wherein the probability estimate at time instant depends on all
is thus
the previous data. An on-line estimate of the symbol
obtained:
(2)
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The BCJR forward-backward algorithm [1] produces in principle
a better estimate that accounts for future context, but requires a
backward pass through the data, which is impractical in many applications.
in (1)
Accurate estimation of transition probabilities
is crucial in decoding (2) to provide good performance. We use
kernel logistic regression [9], with regularized maximum crossentropy, to model conditional probabilities.
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where the regularization parameter controls complexity versus
generalization as a bias-variance trade-off [8]. The objective function (4) is similar to the primal formulation of a large margin classifier [13]. Unlike the convex (quadratic) cost function of SVMs,
the formulation (4) does not have a unique solution and direct optimization could lead to poor local optima. However, a lower bound
of the objective function can be formulated so that maximizing this
lower bound reduces to a set of convex optimization sub-problems
with an elegant dual formulation in terms of support vectors and
kernels. Applying the convex property of the
function to
the convex sum in the forward estimation (1), we obtain directly
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= a regularizer ef+-143 in
the objective function [8]. The parameter
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The objective of training is to maximize the cross-entropy of
the estimated probabilities
given by (1) with respect to the
labels
over all classes and training data

(5)

79< 8;: =

j
 & >N? / 1,& /

(6)

(7)

=

Disregarding the intricate dependence of (7) on the results of (6)
which we defer to the following section, the formulation (6) is
equivalent to regression of conditional probabilities
from
labeled data
and
, for a given outgoing state . Estimation of conditional probabilities
from training data
and labels
can be obtained using a regularized form of kernel
logistic regression [9]. For each outgoing state , we construct one
such probabilistic model for the incoming state conditional on
:
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2.2. Training Formulation
For training the MAP forward decoder, we assume access to a
training sequence with labels (class memberships). Continuous
(soft) labels can be assigned rather than binary indicator labels,
to signify uncertainty in the training data over the classes. Like
probabilities, label assignments are normalized:

mbdcIR +n 3

(8)

As with SVMs, the dot products in (8) convert into kernel expansions over the training data
by transforming the data to feature space [12]
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where
denotes any symmetric positive-definite kernel that
satisfies the Mercer condition, such as a Gaussian radial basis function or a polynomial spline [8, 14]. Parameters
are determined
by maximizing a dual formulation of the objective function (6)
through the Legendre transformation, which for logistic regression takes the form of an entropy-based potential function in the
parameters [9]. We use a Newton-Ralphson iterative optimization
scheme to arrive at dual parameter estimates
.
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2.3. Recursive FDKM Training
The weights (7) in (6) are recursively estimated using an iterative
procedure reminiscent of (but different from) expectation maximization. The procedure involves computing new estimates of the
sequence
to train (6) based on estimates of
using previous values of the parameters
. The training proceeds in a series of epochs, each refining the estimate of the sequence
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Fig. 3. Iterations involved in training FDKM on a trellis based
on the Markov model of Figure 2. During the initial epoch, parameters of the probabilistic model, conditioned on the observed
label for the outgoing state at time
, of the state at time
are trained from observed labels at time . During subsequent
epochs, probability estimates of the outgoing state at time
over increasing forward decoding depth
determine
weights assigned to data for training each of the probabilistic
models conditioned on the outgoing state.
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Fig. 4. Trained probabilistic model
regression before re-estimation (



1. To bootstrap the iteration for the first training epoch (
), obtain initial values for
from the labels of the
outgoing state,
. This corresponds to
taking the labels
as true state probabilities.

−1
x(n)

by increasing the size of the time window (decoding depth, ) over
which it is obtained by the forward algorithm (1).
The training steps are illustrated in Figure 3 and summarized
as follows:
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Fig. 5. Trained probabilistic model
regression after re-estimation (

).

Therefore one can extend the channel model to include, for instance, the effect of source coding.

3. CHANNEL EQUALIZATION USING FDKM

5

FDKM can be directly applied to channel equalization, as depicted
in Figure 1. Denote
a source of equiprobable binary symbols
sent over a channel. The FDKM model can be made to fit any
discrete time transmission channel by grouping outputs of the
channel into feature vectors
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For training, the target label is taken as the input to the channel
delayed by samples, i.e.,
. The output of the
channel
is modeled as the sum of a deterministic function of
and additive white noise
. The goal of the equalizer is to reproduce the desired output
. The deterministic
portion of the channel model could consist, for instance, of a linear finite impulse response (FIR) filter followed by a polynomial
nonlinearity.
Note that FDKM does not actually make use of a channel model. Instead it adaptively parameterizes the state transition probabilities in the forward decoding from the training data.

4. EXPERIMENTS AND RESULTS
For a comparative figure of merit, we replicated linear channel
models of [11, 5, 10]:
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from which we generated datasets 1 and 2, respectively. 200 samples each were generated for training FDKM, and 10,000 samples
each for testing. The buffer length was chosen to be 2 and the
equalizer delay was taken to be 1. Therefore, the extent of ISI
for the second data set exceeds the time horizon of the feature
vector . Nevertheless, the decoding depth for FDKM was chosen
to be
. For all the experiments reported here, a polynomial
kernel of degree 3 was used,
.
Figures 4 and 5 illustrate the improvements in margin distribution of the probabilistic model obtained after 5 epochs of the
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count for various forms of source coding.

Table 1. Performance of equalization schemes at 6dB SNR
Machine
SVM
Logistic regression
FDKM (
)
FDKM (
)

{

{ 
_

Train1
7.3%
14.4%
0.1%
0.1%

Test1
8%
16%
0.9%
0.1%

Train2
14.2%
26%
0.4%
0.6%

Test2
23%
34%
1.6%
0.8%
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Fig. 6. Performance evaluation for the channel model (12). The
FDKM equalizer delivers a performance near that of the ISI-free
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iterative FDKM procedure. Table 1 gives the comparative BER
figures at 6dB SNR. The regularization parameter for SVM was
, and for FDKM
and
.
Interestingly, Table 1 indicates that a generative probability
model obtained by logistic regression gives worse decoding performance than a discriminant model by SVM classification. However, the probabilistic model coupled with forward decoding gives
a drastic improvement in decoding performance. Figure 6 compares the performance of FDKM with SVM and Perfect Decision
Feedback SVM (PDFSVM) [11], and the theoretical optimum for
non-ISI binary signaling. One can see that FDKM equalization
delivers about a 4-5dB improvement in SNR for given BER, over
PDFSVM and other techniques.
In another experiment we tested the performance of FDKM
equalization with nonlinear channels in the presence of colored
noise [11]. FDKM equalizer was found to perform nearly as well
as the theoretical Bayes-optimal equalizer.
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5. CONCLUSIONS
We presented a forward decoding architecture for large margin
classifiers and evaluated its performance for combating ISI and
nonlinearity due to the communication channel. Simulations have
shown that the equalizer outperforms several other adaptive estimation techniques. The decoding architecture is feedforward in
nature and hence very amenable to hardware implementation [4].
The FDKM approach is model-free, and extends directly to ac-
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